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JNTRODUCTION

This report consists of two parts. The first
covers experimental determinations of rocket trae
jectories and the second, calculations of the tra-
Jectories based on independently determined values
of thrust and drage. The observed and calculated
trajectories agree within the limits of the ine
herent dispersion of the rockets and the expected
errors in measurement of thrust and drag.

Portions of rocket trajectories have previouse
ly been measured photographically, but this report
JVdescribes for the first, time, as far as is known,

%hoto,gra hic measurement*o omplete trajectories
f rockets, This was adcomplished by means of fdwerS
Mitchell h;zlrspeed motion pieture chronographs with
lenses of .inekes focal length. The method of
rectifying the data so obtained is describded,

Rocket trajectorias were calculated also on the
basis of experimentally determined thrust curves for
the rocket motors and experimentally determincd values
for the ballistic coefficients of the rockets, Tra-
Jjectories were computed by numbrical integration using
as variables §, the angle between the horizontal and
the tangent to the trajectory, and v-vy, the velocity
differential due to air resiséance and gravity,

The agreement of the calculations with the obe
servations indicates the validity of the method of
calculating trajectories. From these trajectories,
aiming data can be obtained.
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The differential corrections for variations in
initial conditions were calculated and their rela-
tive importance appraised. An analysis of the dis-
persion of the rockets and the results of an in-
vestigation of the causes of errors are given.

The rockets were British UP3 (shown in XPG Photo
No. 22478), The motor, No. 1, Mk 11, has an 11 1b.
cruciform powder grain. (The entire motor weighs
35 1b.) The 25 1b. AP and the 60 1b. HE heads were ;
used. The rockets were fired either one at a time ;
or in pairs from under opposite wings of the aire : i
plane. An undersl wing installation of a British . ;
Mark I projector (7.5 ft. rails) was used on an
SB2A plane (NPG Photo Nos. 22476 and 22477).
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Part I

PHOTOGRAPHIC DETERMINATION OF ROCKET TRAJECTORIES

The- trajectory of the rocket was photographed
by five 35 mm Mitchell Cameras equipped with sixe
inch focal length lenses and located as shown in
Figure 1.1. The four cameras at Station A covered
a range of about 3,000 ft, .with small angles of
separation between the camera fields. These cameras
were run at 128 frames per seconds The single camera
at Station B furnished angular data which were com-
bined with the data from Station A to triangulate
varicas points on the trajectory. Two markers were
placed in the field of each camera at Station A
in order to calibrate the lenses and relate the
fields of the various cameras, The markers were in
the form of one=foot=square targets placed on poles
in the river along the proposed path of the rocket.
These markers, which were all at the same height a-
bove the water, formed a horizontal reference plane.
As all rockets were released from an altitude of 250
feet or less, the height of the field of the six=~
inch lense was in all cases large enough to photograph
simul taneously the point of rocket release and the
markers.

Each camera recorded in the lower right corner
of the picture frame a solenoid indicator and a
chronometer driven from a tuning-fork-controlled 50
cycle generator. The chronometer provided timing
for its particular camera and the solenoid indicators,
controlled by a single key, provided a common time
between cameras. An osciliograph was used to record:
. The current in the solenoid indicators.
2) A radio signal (received from the firing air=-
craft) which was cut off at the instant of
- firing.
(3; A 50 c¢ycle signal as a time reference.
(4) One second interval signals from the chroe
nometers.

-3-
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A sample of the oscillograph record is shown ’n
Figure 1.2, The timing system permitted events in
each camera field to be referred to the instant of
firing as a common time origine

The angle of elevation of the launching rails
at the instant of firing was determined by a torpedos
pointeof-aim camera mounted under the wing of the
planes This camera took a picture when the firing
circuit was closed. The camera on the plane was
aligned with the rails by aimihg both camera and rails
at a distant point (4,500 ft. away)s This point was
determined by the machine gun sight which was aligned
with the thrust line of the plane (a line parallel
to the propeller shaft)s The fact that the rails and
the camera were located several feet below the maehine
gun sight resulted in their being tilted up 2.5
minutes above the thrust line.

The point of release was in the center of the
field of the first camera at Station A. This allowed
the plane to be photographed for about one second be=
fore the rocket was fired.

Redyction of the Data

The measurcments of the Mitchell Camera film
were made by means of a 20 power single frame pro=-
jector. Every fourth or fifth frame was projected
and the positions of the rocket and airplane, with
respect to the markers, were plotted. The clock was
read for each frame thus measureds A set of rece
tangular coordinates was erected on the screen (Figure
1.3), the origin being at one of the markers and: the
x-axis being horizontal. The x and y coordinates of
each recorded position of the airplanhe and rocket
were measured in arbitrary units, The X and y co-
ordinates were converted to angles. This was done
by calibrating the field of the camera, e.gs, SO
many unite of distance were equivalent to one degree

of angle. This was accomplished by erecting a sure

ok =




veyor's transit at the position of thg camera and

measuring the angle between the two markers which ape

peared in the camera records The markers were pro=-
ected on the sereen along with the plane and rocket.,
he distance between the markers was measured. This
distance, with the angle between the markers, deternines
the factor for converting distances to angles. This

factor was taken as a constant over the entire field

of the six inch lens, an assumption which leads to

a final maxirmm error of about one foot in the position
of the plane or rocket.

The anglecs measured in all the cameras were cone
verted to angles with respect to one centrally located
marker. The relative positions of the centrally
located marker, station A, and station B were ac-
curately determined by triangulation. These three
points were laid off on a plotting table to the scale
of 400 feet to the inchs The start of the trajectory
and the impact of the rocket were plotted using the
horizontal angles as measured from the camera records
from stations A and Bs A pergendicular, AC
CFigure 1.4), was drawn frém the position of the camera
station A to the horizontal projection of the tra~
Jectory. All horizontal angles were converted to
angles with respect to line AC by an addition or sube
traction and were denoted by ¢, Vertical angles
were denoted by O The distance AC was denoted by 4
and measurcd on the plotting table (in feet). X and
Y coordinates of the rocket are computed by the following
aquations:

X=4d4 tan ¢
Y=4 tan 6 sec ¢.

X coordinates were ¢hanged to coordinates with ree-
siect to an origin directly beneath the point of
firing of the rocket. The times of ine clock, as
read from the camera records, were converted to times
measured from the instant of firings

.




Two graphs were madet X against Y and X against
t. Fronm the X vs. t graph, values of X for each one=-
tenth of a second werje taken, Values of Y corresponding
to these values of X were taken from the X vs. Y graph.
This gave a table of X and Y for equal time intervals
from which were calculated velocities and accelerations.

The X and Y coordinates of the airplane were de~
termined in the same way. These coordinates gave
the ground speed of the plane and the angle of dive,

The record fror the torpedo camera on the plane
gave the sum of the angle of dive and the attitude
of the plane. Pictures previously taken on the ground
with this camera determined the point of aim with re-
spect to fiducial marks on the edge of the filme This
camera was calibrated in the same manner as the Mitehell
Cameras. The distance between the horizon (corrected
for curvature of the earth) and the point of aim was
converted to an angle, which is the sum of the dive
angle, the attitude, and the inclinantion of the camera
above the thrust line. As the dive angle was dee=
termined with the Mitchell Cameras, the attitude angle
can be determined. In cases where the horizon was nct
distinct, the target was used as a reference point
and its angle below a horizontal plane through the
torpego camera was calculated from the Mitchell Camera
records.

Reductiopn of Trajectorjes to Stopdapd Copditiong

The trajectories were reduced to: (1) horizontal
launching, (2) ground speed of 200 kts., and (3) no
range win&. The angle of launching was composed of
three partss the angle of climb or dive, the attitude
of the plane, and the inclination of the rails. The
last two angies were addeds The effective fraction -
of this combined angle was determined by adding vectorie
ally the launching velocity and the velocity of the
plane, The resultant angle was used, the assumption

‘WGt e s




1334 Ni IONVYH

T HISSIE AN

; i
t
= spaed

,
.
1
L
f
n%__..
]
el
4
H
]
1

4

P

+
—

+

pa—
-
el O

|
' ! | j
.

T T LT

B B b

00s2 0002 0051 0001 00s
, _ L !
1

. P
¥ ¥ T H
L NN
B
. +

i
. 4
S SO W

‘

T

+ :
)r_. e
+

’r‘“"" T

i

i

e
P N, Y
...*.*-

s B A

/
C
3
$

!
f
Lt
4t -%—.--“‘VT-—L R R

. A
T =7 °
R e aiRt et R S
+

+

-
A7

v F

R ! : 1 ) 1 BN -, 111 » »l- @ KON

,*l
s
7
1./
-
—
t
+
1
i
PUFS
f
+
o i
J
.

¥
1
¢
9
.
b 8
+

A7
/
w)
yard
/
/
T
T
L
t
1
101 i

T
N

£
4
7
- A
'
ti1

i
}

4
S
1]
.
;
v
PRk
v
H

33 ¢
ae 17

e
A
i

v
1
i

P

M

N

"
1

S
1
;‘
i
T
4
v
I3

1 jf;i.f
]
i

1331 tH

5 21
¥
i
+
-

.
o
;
e
i
1 K Ol iR i
'
‘ ,"‘
;
+
H
T til
o
s
<
o
.
S ;T«_ T 'q».
N -

.

B e mant
]
i
¥

ot

-

c A
11 4

1334 N 40MQ TVILHW3IA VIOL



1333 NI 3ONVYY

SN SO apeREY taanan

Q02 0002 0%}

[

,va,_,_*...-

-l:-—-J-~~l{--

B I

A
Z
p

(ORI
OV .

A

S

L] g h )

[ FUpRe B

A

L TR B

4t

gy
4%
Z
4
)

T
A

SN

IvioL

AVHLNIA

i 4 INN +
+
; e : T - =
- w 3 L - ﬂwﬂ.’ ™\N .
$ (] S
,.AHI ~
o F SN \ E R
— SN S
T ~
v
i ] I TS Mw.lr k3 -
. ; NS ,
N 3 Ax i 5% W »,M I .«
-t - = - N = +
- ﬁl v - o H
-1 p \ i " :
“ =L +F N . i
; i S ~ U
7 T e e e - =¥ ~+ 3
. <} 05 N I O : !
i e 2 zE: @ il
N - i = bhuad o
P =; mal Jagt: cvrs 3 E T
. - 5 p,.ﬂ,'qm. o s i.n”.i
™ = - - S s e o2
- - i N R 0 I O N S - -
. ﬂ IS . _”
. 3 Y| ~ :
3 h 1 w
-] - | N 1. : i
3 i A N BN 1 ' P
1 3 . 3 =
A 1 i = RN
e ~3= - . m }
- . b - . o~ 4 3
4+ -+ T ‘ LR |
- b v i 9 R -
T ,
= SN | -

K}

1334 N 4OMQ



being made that the rocket immediately aligned itself
With the relative air streams This resultant angle
was added to the angle of dive and a simple rotation
of the trajectory was performed. Due to the small
angle of rotationi less than one degree in all cases,

gﬁ account was taken of the change of direction of
€ force of gravity.

The ground speed was corrected to 200 kts. by
assuning no air resistance, The correction to X to
be added = =1,689 (ground speed = 200) x (corresponding
time), - This was justified by the smallness of the
corrcctions., .

The correction for range wind was determined by
integrating a trajectory.

The temperatures of the rgpkets when fired were
within the limits of 59° F t 5  F. Since the dif=
ferences in temperature were small, no attemgsaas
made to correct the trajectories to exactly 55 F,
An examlnation of the data showed no correlation of
range with these small differences in temperature.

The resultant trajectories, 10 for the 60 1b,
head and 6 for the 25 1b. head, are presented in
Figures 1.5 and 1.6,

Yertical Dispersiop

The variations in temperature, weight of motors
and weight of heads were so small %hat the trajectories
were not corrected for thems As only the vertical
dispersion was studied, the trajectories were not cor=
rected for cross=winds.

The true ncan dispersion was computed by mlti=-
plying the mean deviation by Jn/n-1 where n is the
number of values usad to find the mean deviation.



Vertical Dispersion

True mean dispersion

Level flight~ no range winde ground speed of 200 kts,

Range 1200 ft. 1800 rt, 2400 frt,
60 1b. head (ten trajectories) 36 rt.  £11 rt. ¢15 rt.
25 1b, head (six trajectories) 2 ft. 3 re. t & e,




Part 2
gﬁLCULATIONJQF ROCKET TRAJECTORIES

It is clear that preparation of a range table
for rockets would be simplified if rocket trajectories
could be computed somewhat as trajectories for pro-
Jectiles are computeds Theoretically, the problem
is straightforwards One obtains a table showing the
thrust, q(t), of the rocket motor as a function of
tine, another table showing the mass, m(t), of the
rocket as a function of time and a third 1v1ng the
acceleration due to air resistance, r(v,m?, {hereafter
called retardation) of a rocket as a function of its
veloc’ty and nmass. Then one assumes that there is
no yaw and integrates (for example) the equations

m~%Y = q(t) =mr(vym) =m g sin ©
2.1
46 - _ g.cos ©
dt v

where v 1s the velocity, 8 1s the angle between the
tangent to the trajectory and the horizontal, and

g 1s the gravitational acceleration. Using a variety
of initial conditions, one obtains a range table,

This is exactly what has been done in this section.
The work was regardcd as an experiment in making
this sort of computation rather than as an attempt
to obtain an actual range tables It was desired to
find out how nuch nust be known about a given type
of rocket in order to predict its trajectory with
satisfactory accuracy.
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It should be noted that calculations are based
on the evidence of a single thrust record which was
not niade under local supervision. Perfect agreee=
nent between these calculations and observations was
not expected and was not obtaineds The agreement
was good enough to indicate that the methed is sound
and is worth using under better cortrolled conditi.ns,.
The eflfects, given later, of various perturbing cone
ditions are believed to be substantialily correct.
They provide a basis for setting up the conditions
under which informaticn about rockets chould be obe
tainz2d in the future.

Anproximate tables of q(t), m(t) and r{v,m)
were conpatede The %able for q(t) was obtained from
a record of a stati . thrust test of the rorkete From
this nm{t) is obtained by agsuning that the thrust

is proportional to the rate the mass i1s changing,

and by integrating the equation

2,2 a(t) = k §h.

The constant k 1s evaluated by cquating the total
area lnside the thrust curve to k times the total
weight of powder burned. Finally, it wos assumed
that the retardation is given by

-

2.3 r(vym) = Je(¥) V

1+ M

where J¢ (v) is the standard Army drag function and
Cynn 1s the ballistic coefficient of-the rocket when
its weight is m. The assunption 2.3 is not justifie=
able except as a first approximation. The drag
function of a rocket 1s undoubtedly different from
that of a projectile. It seems unnecessary to cone
sider carefully tho exact charaoter of- the drag
function in view of ignorance of other, more im=
portant factors. For example, the average thrusts
of two rocket motors, judging by the static thrust
tests, see Figure 2.1 below, may differ by 220
poundals, and this under laboratory conditions,

S [ 28




The greatest air retardation (based on Equation 2.3)
entering these comgutattons was about 170 poundals,
Since this latter i1s probably an overestimation of
the actual retardation®, it can be seen that the true
retardation need not be very accuratcly known.

The Equations 2.1 are nore easil: handled in
the following forri, which defines a ne¢w variable vy,
the velocity the rocket would have in che absence
of air and gravity. ny(t) is given the subscript 1
to distinguish it fron the case wherec o different
head 1s used on the sane motor and the complete rocket
weighs na(t)e In this case the vacuum velocity is
deroted by V2e

dvl(t) - at)
mgtf)

_g(v-gll N Je (V)

2.4 dt - - T;—i-~ - g Sin 9
dé _ _gcos 6
dt v

Substituting q(t) = k g% , the solution of the
first equation 1is

2.5 vi(t) = k loge-ﬁf%g%.
*Cf The tion of Ro 0 February
1942 Eﬁg gonca%ﬁ conﬁ%ngca§@§ Ey é.§.v.§.§3 In '

the sanple calculations found in this paper an e~
laborate resistance law is useds Although the rocket
considered in this paper 1s somewhat lighter than

the UP3, the retardation used is about half that

used here at corresponding velocities.

SAES



The remaining two equations are integrated by
nunerical integration. J¢ changes so rapidly during
the burning of the propellant that a very small in-
terval (1/10 sec.) must be used if the trajectories
are to be comparable to each other, The integration
is strajghtforward. Listed below are the various
quantities used in the present-calculations of the
traiectories of the British UP3 rockets fitted with
25-1b and 60-1b heads. These trajectories are com-
?ared with the photographed trajectories of Section 1.

n making this comparison it is important to note

that none of the constants or functions used is
arbitrary or was deternined so as to make the theoretic
trajectories fit ths photographed ones, It is possie
ble to cogmpute the equation of a curve which fits a
given set of observations to any desired degree of
accuracy. The attempt here was to see whether the
trajJectories could be predicted before any rockets
were fired.

The assumption was made that the thrust is given
by the thrust curve §6049 of Figure 2.1, using the
factors given in Tadble 2.1, which is a copy of the
table accompanying the thrust curves. The other
curves included in Table 2.1, curves §6013 and §6052,
were not clear enough to rea&.

dft q(t) dt was deternined graphically

from an enlarged photograph of the thrust curvee.
The figure obtained 1s about 1% higher than the
product (average thrust)x (time of burning), as
obtained from the Table. The results are probadly
accurate to within ¢ 1%, n and k were found fron
the integral of Equation 2,21%

2.6 /;t a(t) dt = k [m(t) - m(0)]

using the assunption that the total weight of proe-

e12a



Table 2,1
From records of Naval Powder Factory, Indian Head, Maryland

Round No. 6015' 6049 6052
Date, 1943 2/16 2/17 2/17
Magazine Temperature, °C 20 20 20
Filp Time Factor, Sec./in. 0.755 0,733 0.733
Burning Tine, Sec. 1,65 1.75 1.68
Aver, Rate of Burning, in./sec. 0,27 0.25 0,26
Pressure Gage No. 4B 4D 4D
Pressure Gage Factor, psi/in. 5550 4100 4100
Max. Film Pressure, psi .- 985 1070
Aver, Filn Pressure, psi cam= 550 610
Thrust Gage No. 2500B 25008 25008
Thrust Gage Factor lb./in. 2700 2700 2700
Max. Thrust, lbs, 2580 2580 2480
Aver. Thrust, lbs, cmen 1450 1520

e

* Pressure record late, due to metal di:ghram in rocket which
was not removed but eventually burned through.

-1'3-
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pellant expelled fron the rocket is 11 1bs,. In
Table 2.2 are given the resulting values of k,

m(0) - m(t)y wy(t) = k loge %.,
(for the rocket with the 60 1lb. head) and

vai{t) = k 109%

(for the rocket with the 25 1b. head).

To deternine the ballistic coefficients of the
ro:zets, two unloaded rockets of each tyne were
crovped as bombs and their Gavre coefficients de~-
teruined by the usual Navy standard bombd calibration
nethodss Then a J¢ coefficient was conputed which

Gve the sane air resistance at low velocities..
e weights (83,7 and 49 1bs, respectively) were
divided out to obtain 8y and 8.

The resulting computed trajectories are compared
to the photographed trajectories in Tables 2,3 and
2.4 and in Figures 2.2 and 2,3, The-release conditions
are horizontal flight at a sgoed of 338 f.s. and no
wind. The point of release is taken as the origin.

In Table 2.4, y values corresponding to given

x values are conpared rather than positions at
corresponding times. In both tables, photographed
positions are given ¢ the standard error of the mean
positions The figures in the second table are more
reliable (since we know the position better than
gosition-aa-a-tunct1on-of-t1ma) and are of more in-
erest in deternining accuraéy of rocket fire,

There 1is a significant 4ifference between the
two trajectories. At t = 2, cacs the x-coordinate
of the theoretic trajectory is 23”§ ft., vhereas
that of the mean of the photographed trajectories
is 2207 ft. with a standard error of the mean of
12 ft. The nmethod used has not ytelded completely

olfn
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Table 2,2

t (sec)  m(o)em(t) (1bs) vy(t) (fte/gece) walt) (f%./seq,)
.0 W00 0 0
o .850 6745 106, 8
0@ 1,726 157.5 218.2
.3 2,518 20146 320.7
4 3,293 261,4 416,9
.5 3,953 318.9 509,7
.6 4,633 375.1 601,0
.7 50299 430,7 691.3
.8 5,954 485.7 781.7
.9 6,600 540.3 872.0

1,0 7.244 ~ 595.2 962, 4

.1 7,888 650.5 1053.8

1.2 8,532 706.i 1147,.2

1.3 9,173 762.0 1240,9

1.4 9,787 815.9 1331,8

1.5 10.530 865.8 1413,0

1.6 10,737 900.0 1474.,6

1.7 10967 920,5 1509, 6

1,8 14,000 9234 1514,6

k= «7,48 x 103 ft./sec.
ny (0) = 94,7 1bs,
m (0) = 60,0 1bs.
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satisfactory trajectories. Zm thv next section, where
variations fron standard conditions are considered,

it will be seen that none of them appears to be large
enough to account for the difference. The resistance
law is of course subject to question, but the re=-
tardation would have to be doubled, approximately,

to account for the discrepancy. An assumption txat
the thrust used is too large, especially toward the
end of burning, would accoun% for most of it. For
instance, if burning'ce..gd at t & 1,9 sec, instesd
of at t = 1,7 sec,y tne results would be very goo

It 1s to be noted that these traiectories (both
theoretic and photogrepned) do not ag-ren with tra-
iectories published by tbe British and reproduced

n an O8RD report, L DS

‘plana on ¥or the -1sagreement has been found.

*0SRD Report CIT UMC 7, 4 Aug, 1943,

-18.



L CORRECTIONS

In discussing differential corrections for rocket
trujectories, the point of view adopted is that of one
who is interested in reducing an observed trajectory
to standard conditions. First the method of computing
the corrections is indicated, then the effect of apply-
ing then to the observed trajectories is examined,

The remarks in the text apply to the rocket with 60 1b,
head unless a specific statement is made to the contrary.

It will apgea_r later, from observatlons of pairs
of rockets fired simultaneously, that ~.cn if all the
rockets had been fired under the same¢ .:onditions, the
coordinates at, for example, t = 2 sec; would be ex=-
pected to have standard-deviations of 37 feet in x
and 3 feet in y, or of 3 mils in angle measured at the
point of firing. With these numbers in mind, it is
proposed to answer the following question for each
correctiont How accurately must the magnitude of a
given perturbation be known in order to make the cor-
rection for it be accurate to +1 ft. in y and +12 ft,
in x, or 1 mil in anﬁe? Throughout this discussion
the elements of the standard trajectory are written
asv, ® X, y and those of the perturbed trajectory
V, & X, Y. :

Because of the roughness and rapid variation of
the velocity, it is not safe, unless one takes special
recautions, to calculate a &ifferential correction

taking the difference between two trajectories inte-
grated from different initial conditions. If this
method is followed, one integrates Equations 2.1 with
tnitial velocity, $or example, = 338 f.s. amd obtains
v and e, and thon integrates the same equations with
initial velocity, for example, = 348 f.s. obtaining
V and §» But it is important that the differences
Vev and =9, contain no errors due to numerical _1n£e-
gration of rapidly varying thrust ddeta. The best way

-79.




to ivoid the difficulty scems to be to take the dif-
ferences dO - %% and g%- --%% and make sure

that 8-, and Vav are the integrals of these guantifies.
Instead of calculating X, and x, and then differencing,

one calculates g%- gf’ V cos - Vv cos o
and integrates to find X-x Similarly for Y-y,
On difference equations can be integrated directly.

For changes in velocity and angle onl:;". these equations
ares

= Fy

R
‘= - daJ t W
= (}6 * H?h.V/UT"ﬁ -~ g cos & ¢

= £ c:s Ow o g‘sin ® o

2.7

Q‘Q-
o

where w {s the velocisy differential Vév, and ¢ is the
angle differential, 6 -¢. These equations are most
easily handled in éhe form

w
'3%‘ =-J, (n-242) gto-gcos o

=.q8 f '
= - g% \ s + tan @ @)

«20e



¢

where n = ¥ = 4 lgg $6(Vl o« Tables of n = 2 are
already in existence.

Equations 2.7 are easy to integrate since w
and ¢ are small and change slowly. Howewer, when
w and ® have been found, one still has to calculate

V=v+w and® =0 + ¢, then %-%and%%-g*

as before. The corrections discussed hclow are sume
marized in Tables 2.9 « 2.8,

The Correction for Angle of Release

This was carefully calculated out to t = 3 sec,
for an angle of glide of 1 AS would be expected
for a traiectory with such & short time of flight
the result amounts almost exactly to a rotation o}
the trajectorys At t = 3 sec.y X = x = 4,2 ft.,

Y -y= «50,49 ft, when calculated by rotating the
trajectory whereas X - x = 2.4 ft., Y - y = 50,38 ft.

when calculated by integration of a new trajectory.

For small angles, therefore, the corrections are cale
culated by rotatlon of the standard trajectory. If
one wishes the correction to be good to 39 mil the
angle of release should be measured to = 3 1/2 minutes,
This is a difficult requirement to meet. It has

not been met in the present experiment where the

angle was only knowto about ¢+ 10 minutes.

-

As was mentioned in the first section of this
report, the anglc of release depends not only on the
angle between the line of flight and the horizontal,
but on the attitude of the plane and the angle at
which the rails have been setes At the velocities
encountered here, the angle of releasc is equal to
the angle of the flight line plus about 1/4 the angle

2\=



Table 2.5
Corrections (in feet) for ®ocke’s with 60«1b heads.

Angle of Ground speed * Air speed *x* Welght of proe
Relc:ase ip- of plane in- of plane in=- Jectile increased

time creased 1° creased 10 f,5. creaged 10 f.s. 11D,
(secs) 6x oy 6x Sy 6x Oy 6x oy
50 4. 50 o o - 0
1,0 1 1.2 10 0 0 .2 3 .1
1.5 ¢ 20.4 15 O 0 .4 7 .2
2,0 g 30,7 20 O ..1 o8 ..41 o2
2,5 3 40,8 2% 0 3. 1.3 Ak 3
3.0 4: 50,5 30 0 &5 1.7 A1 3

Air speed unchanged
oung speed unchanged



Table .2e 6

Corrections (in feet) for gocket with 60-1b heads.

Angle of Ground speced ¥
Range release ip~ of plane in-
greased 1

Sy Sy

500 fte 8.8 o4
1000 ft. 17.4 .9
1500 fte  26.2 1.4
2000 ft. 55.0 2,0
2500 rt. 43.9 2.7

* Air speed unchanged

** Ground speed unchanged

ALir specd **
of plane i~

1°_ creasod 10 fa3. creased !0 f.s,

6y

'O 2 Q.

<

.6

o9
1.1

Weight of
projecti}e ine-
creaged 1 1b,

oy

-

-3
~ed
e )

-1.2




Table 2.7

Corrections (in feet) for rockets with 25-1b heads.

Angle of Ground speed * Air spced **
release ig=- of plane ine or plane in-

Time creased 1 creased 10 f,3, creased 10 f,s,

seCe ox Oy 0x oy 6x oy

o) 0 5.2 50 00

160 1 1445 100 0.2

1.5 1 27,2 150 -1 .4

2.0 2 41.8 20 0 =2 7

2.9 4 55.8 25 0

3.0 5 69.0 50 0

* Air speed unchanged

** Ground speed unchanged

24



Table 2.8

Corrections (in feet) for rocket with 25«1b heads,

Angle of Ground speed * Air speed *x
oy oy | Sy
500 8.7 3 K
1000 17.4 ' o5 o2
1500 26.1 .8 3
2000 34,9 101 .5
2500 45.6 1.4 o6

* Air speed unchanged
** Ground speed unchanged



between the rails and thc flight line. The angle
between the rails and the horizontal can be accurately
determined from the torpedo camera. The angle of

the flight line can be determined from photographs

of the flight of the plane to within 10 minutes, or
less under excellent conditions. Or, if trustworthy
curves are available showing the attltude of the

plane as a function of its air speed and load, these
quantities may be used to determine the angle between
the flight line and the rails,



The Correction For Wind and For Speed of The Plane
4t Ihe Time of Release

" If the air speed remains constant but the ground
speed differs from.the standard 338 f.s,, the cor=
rection 1s merely a horizontal translation of points
on the trajectory and

x =X - "( vgv- 338) .

Vg= 338 1s the range wind measured along the hecading
of the plane. The effec” of cross wind is to pro-
duce a deflection equal to the product of cross wind
times the time of fall,

If both air speed and ground speed differ from
338 f.s., the correction iss

‘ - 16X \ 0x .
x- & =55 v * Gv,) %a

The correction for change in ground speed at constant
air speed i1s first evaluated, as above, and to this
is added the correction for change in air speed at
constant ground speeds The second term is the effect
of air resistance and is evaluated by an integration.

In order to get the x correction to within %12 ft,
at t = 2 sec. and the y correction within #j ft, the
igound speed of the plane must be known to within

f.s. or about #3.5 knots and the airspeed to within
%12 f.s. or %7 knots. In reducing thc trajectories
51ven here, 1ittle agreement was found between the

igures for ground speed, air spced and surface winds
measured at an aerological station two miles awny.
The last was ignored and thc correction based on the
first two figures,

From the point of view of the pilot, these cor-
rections are trouplesome. He can get his air speed
accurately an::sh but the wind therefore his
ground speed al £heAdrift are much more doubtful
dombing, though not s great, since the time of £1

| s though not as great, since of f t
is shat& and the trajactzry %elatiVGLy straight, leh

27w
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However, it should be pointed out that the air
speed arteoga the attitude of the plane at the rate
of about ,3° for 10 knots ohange in air speed, Thus
8 knots change in air speed changes the angle of
release 3.5 minutes and changes the angle between
the pilot's sight and his flight line by 13 minutes
(or about 4 mils).

Correction For Weight of Rocket

The velocity iaparted to a rocket by a given
amount of thrust depends on the weight of the
rocket, Returning to BEquation 2,5

vi(t) = k loge %%%_

let Ov be the change in v for a ochange in m{(0) of
cm lbse, Then

Ny & ém \
ovy(t) 'k(ﬁ(%“ - r'a'(%)')

k n(Q0) = (t

Using this equaticn, we calculate

Vi = vy + 6vy

and integrate tc get the change in x and y,

28=
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In order to get these corrections to within
£ 12 ft, and £ 1 ft, at t = 2 secs for x and y re~-
spectively, the weight of the rocket must be known
to within § 1b. (The heaviest and 1ightest rockets
of the ten ccnsidered here differed in weight by
1.9 1bs, so the correction is,worth,makingg.

The correction for a 10%¥ change in bellistic
coefficient has been calculated in order to see how
well this coefficient must be determirod. Moreover,
the calculation gives one an estimate of the efe=
fect of a change in the resistance law. (The ef-
fect on the coefficient of change in weight was in-
cluded in the weight differentinl.) Inzogration
shows that ¢4 which was taken to be 016, should
be known to be within 16% if the x and y of the
theoretic irajactory are to be within 12 ft. and 1 ft.
respectively of the correct values.

Considoration of Qther Berturbing Conditions

An lmportant cause of variation, which was not
taken into account here, 1s temperature. If the
methods outlined here are used in preparing tra-
jectories, "1t is clear that a satisfactori method
of comvutlng the tomperature corrections is at hand,
Thrust curves can be obtained under groperly con=-
trolled conditions and new trajcotories computed
to obtain the temperature effect. In the present

29w



instance no attempt was made to obtain these core
rections. Such information as was available as to
the temperatures of the rockets when they were fired
was examined but no significant correlotion with
range was found. This could be due to a combination
of the following reasonst :

1. The range of temperature variation was not
very great (50° F to 60° F),

2, The temperatures, at firing, were not known
to batter than * 5° F since the rockets
had been out of doors and unprotected for
some time and the ambient temperature was

- not constant.

3. Other causes of dispersion were present,

Although 1t was recognized that there was some
difference in the temperature at which the thrust ’
test was made and that at which the other rockets
were fired, this was not corrected for.

ihruat

In order to make a rough cstimate of the acve
curacy to which one should know the thrustetime in-
tegral, suppose that the determination of the in-
tegral is off. Then k and vy are 5% offs The
main effect of this change in velocity is tc move
the rocket about 125 ft. forward or backward along
its trajectory at t = 3 secs The curvaturc of the
trajectory is changed slightly as one sees from
the equation

.%%.: - £ cgs e .
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It is estimated that the vertical distance through
which the trajectory is moved is about 8 ft. at

t = 3 seee (This is not the change in the y co-
ordinate at t = 3 sec.,, which may be quite small,
See Figure 2.2 to illustrate this point.) It is
possible that most of the lack of agreement bee
tween photographed and theoretic trajectories is
due to error in q(t)e.

Presence of friction in the thrust apparatus
would mean that the thrust is really larger at the
beginning and smaller toward the end of burning than
the thrust curve indicates. This would cause the
theoretic curve to lie to the right during the early
part of burning but drop back to its present position.
toward the end of burning.

A variation in the actual amount of propellant
in a rocket motor will have somewhat the same effect.
Ify for instance, the powder grain is underweight
by 1% (.1-1b.) the thrustetime integral for that
particular rocket will bte 1% short and the effect
about 1/9 of that of the above paragraph.

Another source of error is this: The rocket
is still in contact with the rails more than .1
sec, after the firing button is pressed. In in-
tegrating, it has been tacitly assumed that Equations
2.1 hold from t = O, on. This seems not to have led
to any serious error but is certainly a possible
source of discrepancies.

The foregoing analysis indicates that the
photographed trajectories have been reduced as care-
fully as the information warrants. The angle of de-
parture was not known quitec as aecurately os it
should have bcen, nor was the precise temporature
of the propellan% or its cxact weight.

31-



Even if exact corrections had been made for
all these variables, one would not cxpect to get
rid of all of the dispersion, since no two rockets
ever burn in exactly the same way or have exactly
the same flight. This inevitable variation can be
estimated from the distances between rockets fired
in pairs.

Tables 2.9 and 2.10 show the extent to which
the corrections reduce the variance of the photo=
graphed trajectories. If the figures in the lower
half of the tables are reduced to standard dee-
viations expressed in mils, it is found that the
standard deviation of the %en (corrected) trajectories
for the rocket with the 60«lb head varies fiom 5.4
mils (at x = 500) to 6.5 mils (at x = 2500 ft.)

Table 2.11shows the deficiencies of the cor-
rections. Here two indepcndent estimate: have been
made of the variance to be-expected in any sample
set of trajectories for UP3 rockets with 6C-1b heads.
The first 1s made by finding the variances of samples
of rockets which were fired at thc same instant
from the samc airplane, (4 samples of 2 rockets each).
The second estimate was made by finding the variances
of the means of the samples about their mean (4 samples
of 2 rockets each and 2 of one each). Each estimate
is based on a differcent method of finding the ‘variance
3! the population consisting of UP3 (60«1b head) tra=

ectories. However, if the samples were random, the
estimates should be reasonably alike, or if the varie
ations in launching conditions had been completely
corrected for, the estimates should be reasonably
alike. Obviously the corrections made were not
adequate, expecially insofar as the variations affect
the y coordinates. It is likely that it 1s the angle
of climb or glide which is at fault. This correction

&‘32.



Table 209
Rocket with 60«1b head

Uncorrected Corrected
photographed tra=- photographed
Jectories ‘trajectories
Variance 2 Varia:iice Variance Variance
) in x (ft.°) iny (ft.®) in x (ft.%2) iny (ft.?)
t = .9 sec,
(n = 10) 230 2,8 130 1.7
t =2 1,0 sec.
(n = 10) 658 25,7 413 13,6
t = 1.9 sec.
(n = 1Q) 1161 87.6 889 . 38,2
t = 2.0 SecC.
(n = 10) 1305 244,42 1348 104.4
t = 2.5 sec. .
(n = 8) 1440 491,5 979 244,0
t = 208 SeCe
(n=09) 971 903.4 321 329.9
x = 500 ft.
(n = 10) ‘ 12.5 7.3
x = 1000 ft,
i (n = 10) 60,7 30,0
X = 1500 ft.
(n = 10) 176.4 84,4
x = 2000 ft,
(n = 10) 346.6 1659.5

X = 2500 rt.
n = 6) 801, 1 264,0

Variance = 2{; (deviations)?

3=




Table 2,10
Rockets with 29-1b head

Uncorrected Corrected

photographed trae photographed

Jectories. trajectories,
Variance Variance Variance Variance

in x (fte?) iny (£ft.2) 4n x (fte?) iny (£t.2)

t = .5 sec.

(n = 4) 130 2.8 81 o3
t = 1,0 sec,

(n= 4) 931 34,5 378 441
t = 105 S2C, .

(n = 4) 957 120, 5 726 10. 4
t = 200 sec,

(ns 4) 593 291,.8 621 21,6
X = 500 Tt,

(n = 6) 8.5 105
x = 1000 e,

(n= 6) 38.4 6.8
x = 1500 ft,

(nes 6) 86.9 10.4
x = 2000 frt.

(n= 6) 152.5 16.5
X = 2500 fto

(n=6) 244,6 29,4

Variance = 2{: (deviations)?
n




Table 2,11
Rocket with 60«1b head

Corrected Photographed Trajectories

Estimate of variance Estimate of Variance
of population based of population based
on pairs of rockets * on means oOf pairs *x*
(4 pairs) (6 means)
Variance Variance Variance Varianece
in x (ft.2) 1iny (ft.2) 4n x (ft?) 1iny (ft.2)
t = .5 sec. 32 o2 234 3.3
t = 1,0 sec, 229 108 642 250‘?
t = ‘05 8€ecC, 853 503 1095 72.1
t = 2,0 sec. 1401 9.9 1975 200,6

!
* Estimate = %Z/‘ (x; = %2 where i, 1s the mean of the pair.

** Estimate = i~21‘kj (X3 -%)* where Xy 1is the mean of a
/

sample and kj 1s the number of items in the sample.
According to the Snedecor Tables, the ratio of two corresponding

Iar%ggces would be as high as 15.52 by pure change only one time
n )
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affects y much more violently than it does x and,
as has been mentioned before, one has to know the
angle of departure very accurately in order to
make the correction properly. If one arbitrarily
changes each angle of departure by an angle between
« 10! and + 10! and chosen as advantagequsly as
possible, one can reduce the variance calculated
from the means of the samples from 306.1 ft. to
61,6 fte at t = 2 sec. us we see that assuming
our angles of departure are in error by as much
as 10 min: helps to explain the differences in
Table 2,19 but does not do so completely.

The variances estimated by finding the dif-
ference in position of two rockets fired simultane=-
ously (the'numbers in the columns on the left in
Table ' 2.1%) should tell one what to expect in the
way of dispersion due to random and uncontrollable
effects such as irregularities in the burning of
the propellant. These are given in terms of standard
deviations in Table 2.12,

Conglusion

The method of calculating rocket trajectories
and differential corrections for variations in
launching conditions given here is satisfactory.

It 18 shown that the inherent dispersion in
range of British UP3 rockets forward fired from-a
plane in horizontal flight is of the order of 43
mils at a range of 500 yards.

A difference of 3.5 min. in angle of release,
25 f.s. in air speed (or 12 f.s. i1f it is to be used

=36



Table 2.42

Estimate of standard deviation of position
due to random irregularities. Rocket with 60~1b head.

t sece x (re) y (ft) Angle (mils) measurcd
. from firing point
o5 5.6 o4 3
1.0 15,11 1.3 3
1¢5 29.2 243 3
2.0 37.4 Jel 3
Standard deviation = \/ . .(deviazi f?s)z

.37 -



in computation of attitude), 10 f.s. in ground speed
or 2 1b. in weight of rocket, each cause a one mil
difference in aig of the British UP3 rockets for-
ward fired from & plane in horizontal flight at

900 yards range. These figures are recommended as
the accuracy required for ranging data on rocketse.

If trajectories are to be fitted both in time
and space the accuracy of ranging data should be
3.9 minutes in angle of release, 6 f.s. in ground
speed, 12 f.s. 1in air speed and 1 1lb. in the weight
of the rocket. :

No measurcments were made here of the temperature
coefficient of range, but data already published in-
dicate that the temperature should be knowr to within
+ 5°F in order to keep the effegt of uncertainties
in temperature smaller than the inherent spaceetime
dispersion of the rockets,

38~



